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We review recent theoretical results, demonstrating breakdown of the equivalence be-
tween active and passive gravitational masses and energy due to quantum effects in
General Relativity. In particular, we discuss the simplest composite quantum body - a
hydrogen atom - and define its gravitational masses operators. Using Gedanken exper-
iment, we show that the famous Einstein’s equation, E = mc2, is broken with small
probability for passive gravitational mass of the atom. It is important that the expecta-
tion values of both active and passive gravitational masses satisfy the above mentioned
equation for stationary quantum states. Nevertheless, we stress that, for quantum su-
perpositions of stationary states in a hydrogen atom, where the expectation values of
energy are constant, the expectation values of the masses oscillate in time and, thus,
break the Einstein’s equation. We briefly discuss experimental possibility to observe the
above-mentioned time-dependent oscillations. In this review, we also improve several
drawbacks of the original pioneering works.
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1. Introduction
It is well known that creation of the Quantum Gravitational theory is the most
important step in development of the so-called Theory of Everything. This problem
seems to be extremely difficult. This is partially due to the fact that the founda-
tions of Quantum Mechanics and General Relativity are very different and partially
due to the absence of the corresponding experimental data. So far, quantum effects
have been directly experimentally observed only in the Newtonian variant of grav-
itation [1,2]. On the other hand, such important quantum phenomenon in General
Relativity as the Hawking radiation [3] is still very far from its direct experimen-
tal discovery. In this complicated situation, we have recently suggested two novel
phenomena [4-10], which show that active and passive gravitational masses of a
1
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composite quantum body are not equivalent to its energy due to some quantum
effects. Moreover, we have also discussed [9] possible experimental way to observe
one the above mentioned phenomena - time-dependent oscillations of active gravita-
tional mass for quantum superpositions of stationary states. We have also suggested
several methods to derive quantum mechanical operators of passive and active grav-
itational masses in a hydrogen atom: semi-quantitative ones [4-9] and direct method
to derive the operators from the Dirac equation in a curved spacetime of General
Relativity [10].
We stress that a notion of passive gravitational mass of a composite body is
not trivial even in classical physics. Let us consider a classical model of a hydrogen
atom. As mentioned by Nordtvedt [11] and Carlip [12], external weak gravitational
field is coupled with the following combination: me + mp + (3K + 2P )/c
2, where
c is the velocity of light, me and mp are the bare electron and proton masses, K
and P are electron kinetic and potential energies. Nevertheless, due to the classical
virial theorem averaged over time combination < 2K +P >t= 0 and, therefore, av-
eraged over time electron passive gravitational mass, < mpe >t, satisfies the famous
Einstein’s equation,
< mpe >t= me +
〈
K + P
c2
〉
t
+
〈
2K + P
c2
〉
t
= me +
〈
K + P
c2
〉
t
=
E
c2
, (1)
where E is the total electron energy. On this basis, in Refs.[11,12], the conclusion
about the equivalence between averaged over time passive gravitational mass and
energy was made. As to active gravitational mass, it has been shown that it is also
non-trivial notion for a composite body even in classical case and is related to the
following interesting paradox. If we apply the so-called Tolman’s formula for active
gravitational mass [13],
maph =
1
c2
∫
[T 0
0
(r)− T 1
1
(r) − T 2
2
(r)− T 3
3
(r)] d3r , (2)
to a free photon with energy E, we obtain maph = 2E/c
2 (i.e., two times bigger value
than the expected one)[14]. Let us now consider the photon in a box with mirror
walls (i.e., a composite body at rest). Then, as shown by Misner and Putnam [14],
the Einstein’s equation, maph = E/c
2, restores, if we take into account negative
contribution to active gravitational mass from stress in the box walls. So, in the
example above, both kinetic and potential energies make contributions to active
gravitational mass and the Einstein’s equation is restored only after averaging over
time [14].
2. Goal
The goal of our review is to describe in detail the recent results [4-10], related to
breakdown of the equivalence between energy and active and passive gravitational
masses due to quantum effects. Note that our conclusions are applicable to any
composite quantum body, although below we consider the simplest example of such
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a body - a hydrogen atom in the Earth’s gravitational field. In Section 3, we con-
sider electron active gravitational mass in the atom and show that its expectation
value is equivalent to energy for stationary electron quantum states. On the other
hand, we demonstrate that this equivalence is broken for quantum superpositions of
stationary states. In particular, we show that the expectation value of active gravita-
tional mass exhibits time-depended oscillations even in superposition of the states,
where the expectation value of energy is constant [6,9]. It is important that this
corresponds to breakdown of the equivalence between active gravitational mass and
energy at macroscopic level. We also discuss in brief idealized experiment, which can
discover the above mentioned breakdown. In Section 4, we concentrate on study of
electron passive gravitational mass in a hydrogen atom. We derive the correspond-
ing mass operator using four different ways, including direct consideration of the
Dirac equation in a curved spacetime of General Relativity. We discuss Gedanken
experiment, which shows inequivalence of electron passive gravitational mass and
energy at a microscopic level [4-6,10]. As to a macroscopic level, the expectation
value of electron passive gravitational mass is shown to be equivalent to energy only
for stationary quantum states. Nevertheless, for quantum superpositions of station-
ary states, the equivalence between the expectation values of passive gravitational
mass and energy is shown to be broken due to time-dependent oscillations of the
expectation values of the mass [4,6].
3. Active gravitational mass [6,9]
In this Section, we derive expression for electron active gravitation mass in a classical
model of a hydrogen atom in the so-called post-Newtonian approximation of General
Relativity [15]. Then, we quantize it and use the so-called semi-classical Einstein’s
gravitational field equation [16].
3.1. Active gravitational mass in classical physics
Here, we determine electron active gravitational mass in a classical model of a
hydrogen atom, which takes into account electron kinetic and potential energies.
More specifically, we consider a particle with small bare mass me, moving in the
Coulomb electrostatic field of a heavy particle with bare massmp ≫ me. Our task is
to find gravitational potential at large distance from the atom, R≫ rB, where rB is
the the so-called Bohr radius (i.e., effective ”size” of a hydrogen atom). Bellow, we
use the so-called weak field gravitational theory [13,15], where the post-Newtonian
gravitational potential can be represented as [6,9]
φ(R, t) = −Gmp +me
R
−G
∫
∆T kinαα (t, r) + ∆T
pot
αα (t, r)
c2R
d3r, (3)
where ∆T kinαβ (t, r) and ∆T
pot
αβ (t, r) are contributions to stress-energy tensor density,
Tαβ(t, r), due to kinetic and the Coulomb potential energies, respectively. We point
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out that, in Eq.(3), we disregard all retardation effects. Thus, in the above-discussed
approximation, electron active gravitational mass equals to
mae = me +
1
c2
∫
[∆T kinαα (t, r) + ∆T
pot
αα (t, r)]d
3r. (4)
Let us calculate ∆T kinαα (t, r), using the standard expression for stress-energy
tensor density of a moving relativistic point mass [13,15]:
Tαβ(r, t) =
mev
α(t)vβ(t)√
1− v2(t)/c2 δ
3[r− re(t)], (5)
where vα is a four-velocity, δ3(...) is the three dimensional Dirac δ-function, and
re(t) is a three dimensional electron trajectory.
From Eqs.(4),(5), it directly follows that
∆T kinαα (t) =
∫
∆T kinαα (t, r)d
3r =
me[c
2 + v2(t)]√
1− v2(t)/c2 −mec
2. (6)
Note that, although calculations of the contribution from potential energy to stress
energy are more complicated, they are straightforward and can be done by using
the standard formula for stress energy tensor of electromagnetic field [13],
T µνem =
1
4pi
[FµαF να −
1
4
ηµνFαβF
αβ ], (7)
where ηαβ is the Minkowski metric tensor, F
αβ is the so-called tensor of electro-
magnetic field [13]. In this review, we use approximation, where we do not take
into account magnetic field and keep only the Coulomb electrostatic field. In this
approximation, we can simplify Eq.(7) and obtain from it the following expression:
∆T potαα (t) =
∫
∆T potαα (t, r)d
3r = −2 e
2
r(t)
, (8)
where e is the electron charge. As directly follows from Eqs.(6),(8), electron active
gravitational mass can be represented in the following way:
mae =
[
mec
2
(1− v2/c2)1/2 −
e2
r
]
/c2 +
[
mev
2
(1− v2/c2)1/2 −
e2
r
]
/c2. (9)
We note that the first term in Eq.(9) is the expected one. Indeed, it is the total
energy contribution to the mass, whereas the second term is the so-called relativis-
tic virial one [17]. It is important that it depends on time. Therefore, in classical
physics, active gravitational mass of a composite body depends on time too. Nev-
ertheless, in this situation, it is possible to introduce averaged over time electron
active gravitational mass. This procedure results in the expected equivalence be-
tween averaged over time active gravitational mass and energy:
< mae >t=
〈
mec
2
(1 − v2/c2)1/2 −
e2
r
〉
t
/c2+
〈
mev
2
(1− v2/c2)1/2 −
e2
r
〉
t
/c2 = me+E/c
2.
(10)
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We point out that, in Eq.(10), the averaged over time virial term is zero due to
the classical virial theorem. It is easy to show that for non-relativistic case our
Eqs.(9),(10) can be simplified to the results of Refs.[11,12]:
mae = me +
(
mev
2
2
− e
2
r
)
/c2 +
(
2
mev
2
2
− e
2
r
)
/c2 (11)
and
< mae >t= me +
〈
mev
2
2
− e
2
r
〉
t
/c2 +
〈
2
mev
2
2
− e
2
r
〉
t
/c2 = me + E/c
2. (12)
3.2. Active gravitational mass in quantum physics [6,9]
In this Subsection, we consider the so-called semiclassical theory of gravity [16],
where, in the Einstein’s field equation, gravitational field is not quantized but the
matter is quantized:
Rµν − 1
2
Rgµν =
8piG
c4
〈
Tˆµν
〉
. (13)
Here, < Tˆµν > is the expectation value of quantum operator, corresponding to
the stress-energy tensor. To make use of Eq.(13), we have to rewrite Eq.(11) for
electron active gravitational mass using momentum, instead of velocity. Then, we
can quantize the obtained result:
mˆae = me +
(
pˆ2
2me
− e
2
r
)
/c2 +
(
2
pˆ2
2me
− e
2
r
)
/c2. (14)
Note that Eq.(14) represents electron active gravitational mass operator. As directly
follows from it, the expectation value of electron active gravitational mass can be
written as
< mˆae >= me +
〈
pˆ2
2me
− e
2
r
〉
/c2 +
〈
2
pˆ2
2me
− e
2
r
〉
/c2, (15)
where third term is the virial one.
3.2.1. Equivalence of the expectation values [6,9]
Now, we consider a macroscopic ensemble of hydrogen atoms with each of them
being in the n-th energy level. For such ensemble, the expectation value of the mass
(15) is
< mˆae >= me +
En
c2
. (16)
In Eqs(15),(16), we take into account that the expectation value of the virial term
is equal to zero in stationary quantum states due to the quantum virial theorem
[17]. Thus, we can make the following important conclusion: in stationary quantum
states, active gravitational mass of a composite quantum body is equivalent to its
energy at a macroscopic level [6,9].
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3.2.2. Inequivalence between active gravitational mass and energy at a
macroscopic level [6,9]
Below, we introduce the simplest quantum superposition of the following stationary
states in a hydrogen atom,
Ψ(r, t) =
1√
2
[
Ψ1(r) exp(−iE1t) + Ψ2(r) exp(−iE2t)
]
, (17)
where Ψ1(r) and Ψ2(r) are the normalized wave functions of the ground state (1S)
and first excited state (2S), respectively. It is easy to show that the superposition
(17) corresponds to the following constant expectation value of energy:
< E >=
E1 + E2
2
. (18)
Nevertheless, as seen from Eq.(15), the expectation value of electron active grav-
itational mass operator for the wave function (17) is not constant and exhibits
time-dependent oscillations:
< mˆae >= me +
E1 + E2
2c2
+
V1,2
c2
cos
[
(E1 − E2)t
~
]
, (19)
where V1,2 is matrix element of the virial operator,
V1,2 =
∫
Ψ1(r)
(
2
pˆ2
2me
− e
2
r
)
Ψ2(r) d
3r , (20)
between the above-mentioned two stationary quantum states. It is important that
the oscillations (19),(20) directly demonstrate breakdown of the equivalence be-
tween the expectation values of active gravitational mass and energy for quantum
superpositions of stationary states [6,9]. We pay attention to the fact that such
quantum time-dependent oscillations are very general and are not restricted by the
case of a hydrogen atom. They are of a pure quantum origin and do not have clas-
sical analogs. To make the situation trivial, we can define the averaged over time
expectation value of electron active gravitational mass. We stress that, although
the latter mass obeys the Einstein’s equation,
<< mˆae >>t= me +
E1 + E2
2c2
=
〈
E
c2
〉
, (21)
the expectation values of active gravitational mass and energy are shown by us to
be inequivalent to each other for quantum superpositions of stationary state.
3.3. Suggested experiment
In this short Subsection, we suggest an idealized experiment, which allows to ob-
serve quantum time-dependent oscillations of the expectation values of active grav-
itational mass (19). In principle, it is possible to create a macroscopic ensemble of
the coherent quantum superpositions of electron stationary states in some gas with
high density. It is important that these superpositions have to be characterized by
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the feature that each molecule has the same phase difference between two wave func-
tion components, Ψ˜1(r) and Ψ˜2(r). In this case, the macroscopic ensemble of the
molecules generates gravitational field, which oscillates in time similar to Eq.(19),
which, in principle, can be measured. It is important to use such geometrical dis-
tributions of the molecules and a test body, where oscillations (19) are ”in phase”
and do not cancel each other.
4. Passive gravitational mass [4-8,10]
In the beginning of this Section, we suggest several methods to obtain expression
for electron passive gravitational mass operator in a hydrogen atom. Then, using
the obtained expression, we establish the equivalence between the expectation value
of electron passive gravitational mass and its energy for stationary quantum states.
For quantum superpositions of stationary states, we obtain breakdown of the equiv-
alence between the corresponding expectation values due to quantum oscillations
of the expectation values of electron passive gravitational mass. The latter indi-
cates breakdown of the equivalence between the mass and energy at a macroscopic
level. In the end of this Section, we establish breakdown of the equivalence between
passive gravitational mass and energy at a microscopic level (i.e., for an individual
measurement of electron passive gravitational mass in the atom).
4.1. Lagrangian approach [4,5,7]
In this Subsection, we derive expression for electron passive gravitational mass op-
erator by means of two methods, which make use the Lagrangian approach.
4.1.1. Passive gravitational mass in classical physics
Below, we derive the Lagrangian and Hamiltonian of a classical model of a hydrogen
atom in the Earth’s gravitational field, taking into account couplings of electron
kinetic and the Coulomb potential energies with the gravitational field. We use
the so-called post-Newtonian approximation. In other words, we keep only terms
of the order of 1/c2 and disregard magnetic force as well as radiations of both
electromagnetic and gravitational waves. Here, we also disregard all tidal and spin-
dependent effects, which are extremely small near the Earth. In other words, we
write the interval in the Earth gravitational field using the so-called weak field
approximation [13,15]:
ds2 = −
(
1 + 2
φ
c2
)
(cdt)2 +
(
1− 2 φ
c2
)
(dx2 + dy2 + dz2), φ = −GM
R
, (22)
where G is the gravitational constant,M is the Earth mass, R is a distance between
center of the Earth and center of mass of a hydrogen atom (i.e., proton). We point
out that to calculate the Lagrangian (and later - the Hamiltonian) in a linear with
respect to the small parameter, |φ(R)|/c2 ≪ 1, approximation, we do not need to
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keep the terms of the order of [φ(R)/c2]2 in metric (22). This is in a contrast to
classical perihelion orbit procession calculations [15].
As usual, for metric (22), it is possible to define the local proper spacetime
coordinates, where the metric has the Minkowski form,
x′ =
(
1− φ
c2
)
x, y′ =
(
1− φ
c2
)
y, z′ =
(
1− φ
c2
)
z, t′ =
(
1 +
φ
c2
)
t. (23)
If we disregard all tidal effects, in the above-mentioned coordinates, the Lagrangian
and action of a classical model of a hydrogen atom have the following standard
forms:
L′ = −mpc2 −mec2 + 1
2
me(v
′)2 +
e2
r′
, S′ =
∫
L′dt′, (24)
where v′ is electron velocity and r′ is a distance between electron and proton.
[Note that, in our calculations, we use the inequality mp ≫ me. In other words, we
disregard proton kinetic energy in the Lagrangian (24) and consider its position as
a position of center of mass of a hydrogen atom, which is fixed by some force of a
non-gravitational origin]. It is easy to show that the Lagrangian (24) can be written
in the global coordinates (x, y, z, t) as
L = −mpc2 −mec2 + 1
2
mev
2 +
e2
r
−mpφ−meφ−
(
3me
v2
2
− 2e
2
r
)
φ
c2
. (25)
Now we calculate the Hamiltonian, which corresponds to the Lagrangian (25),
using the standard procedure, H(p, r) = pv − L(v, r), where p = ∂L(v, r)/∂v. As
a result, we obtain:
H = mpc
2 +mec
2 +
p2
2me
− e
2
r
+mpφ+meφ+
(
3
p2
2me
− 2e
2
r
)
φ
c2
, (26)
where canonical momentum in a gravitational field is p = mev(1 − 3φ/c2). We
recall that, in this review, we disregard all tidal effects. In particular, this means
that we do not differentiate the gravitational potential (22) with respect to relative
electron coordinates, r and r′, which correspond to electron position in center of
mass coordinate system. It is easy to demonstrate that this means that we consider
a hydrogen atom as a point-like body and disregard all effects of the relative order
of rB/R0 ∼ 10−17, where R0 is the Earth’s radius. Let us reproduce the results of
Refs.[11,12], using the Hamiltonian formalism. Indeed, from the Hamiltonian (26),
we can define averaged over time electron passive gravitational mass, < mpe >t, as
its average weight in the weak gravitational field (22). As a result, we obtain:
< mpe >t= me +
〈
p2
2me
− e
2
r
〉
t
1
c2
+
〈
2
p2
2me
− e
2
r
〉
t
1
c2
= me +
E
c2
, (27)
where E = p2/2me − e2/r is electron energy. We pay attention that the averaged
over time third term in Eq.(27) equals to zero due to the classical virial theorem.
Therefore, we can conclude that in classical composite body passive gravitational
mass, averaged over time, is equivalent to the body energy, taken in the absence of
gravitational field [11,12].
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4.1.2. More general Lagrangian [11]
Now, let us consider the Lagrangian of a three body system: a hydrogen atom
and the Earth in inertial coordinate system, related to the center of mass (i.e.,
the Earth). In this case, we can make use of the results of Ref.[11], where the
corresponding n-body Lagrangian is calculated as a sum of the following four terms:
L = Lkin + Lem + LG + Le,G, (28)
where Lkin, Lem, LG, and Le,G are kinetic, electromagnetic, gravitational and
electric-gravitational parts of the Lagrangian, respectively. We recall that, in our
approximation, we keep in the Lagrangian and Hamiltonian only terms of the order
of (v/c)2 and |φ|/c2 as well as keep only classical kinetic and the Coulomb elec-
trostatic potential energies couplings with external gravitational field. It is possible
to show that, in our case, different contributions to the Lagrangian (28) can be
simplified:
Lkin + Lem = −Mc2 −mpc2 −mec2 +mev
2
2
+
e2
r
, (29)
LG = G
mpM
R
+G
meM
R
+
3
2
G
meM
R
v2
c2
, (30)
Le,G = −2G M
Rc2
e2
r
, (31)
where, as usual, we use the inequality mp ≫ me.
If we keep only those terms in the Lagrangian, which are related to electron
motion (proton is supposed to be supported by some non-gravitational force in the
gravitational field), then we can write the Lagrangian (28)-(31) in the following
familiar form:
L = me
v2
2
+
e2
r
− φ(R)
c2
[
me + 3me
v2
2
− 2e
2
r
]
, φ(R) = −GM
R
. (32)
[Note that, as usual, we disregard the difference between electron bare mass and
the so-called reduced mass, which are almost equal under the condition mp ≫ me.]
It is easy to show that the corresponding electron Hamiltonian is
H =
p2
2me
− e
2
r
+
φ(R)
c2
[
me + 3
p2
2me
− 2e
2
r
]
. (33)
It is important that Eqs.(32),(33) exactly coincide with electron parts of the La-
grangian (25) and Hamiltonian (26), obtained by us in the previous Subsubsection.
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4.1.3. Passive gravitational mass in quantum physics [4-6]
Let us consider quantum problem about a hydrogen atom in the external gravita-
tional potential (22). To this end, we quantize the Hamiltonian (26) by substituting
the momentum operator, pˆ = −i~∂/∂r, instead of the canonical momentum, p. For
our problem, it is convenient to rewrite the obtained quantized Hamiltonian in the
following way:
Hˆ = mpc
2 +mec
2 +
pˆ2
2me
− e
2
r
+mpφ+ mˆ
g
eφ , (34)
where electron passive gravitational mass operator is proportional to its weight
operator in the weak gravitational field (22),
mˆpe = me +
(
pˆ2
2me
− e
2
r
)
1
c2
+
(
2
pˆ2
2me
− e
2
r
)
1
c2
. (35)
It is important that the first term in Eq.(35) is the bare electron mass, the second
term is the expected electron energy contribution to the mass operator, whereas the
third nontrivial term is the virial contribution to the mass operator. Note that, due
to the existence of the virial operator in Eq.(35), the electron passive gravitational
mass operator does not commute with electron energy operator, taken in the absence
of the field.
4.2. Hamiltonian approach [6,10]
In this Subsection, we derive Hamiltonian (35) by means of two methods. The first
method, which we call semi-quantitative one, uses the Schro¨dinger equation in the
curved spacetime of General Relativity (22). The second method is related to direct
consideration of the Dirac equation in the curved spacetime (22).
4.2.1. Semi-quantitative Hamiltonian [6]
Let us consider a hydrogen atom near the Earth, where we use the weak field ap-
proximation for the interval in gravitational field (22). As mentioned in Subsection
4.1, we can introduce the local proper spacetime coordinates (23), where the in-
terval (22) has the Minkowski form. In these local proper spacetime coordinates,
the Schro¨dinger equation for electron in a hydrogen atom can be approximately
expressed in its standard form,
i~
∂Ψ(r′, t′)
∂t′
= Hˆ0(pˆ′, r
′) Ψ(r′, t′), (36)
where
Hˆ0(pˆ′, r
′) = mec
2 +
pˆ′
2
2me
− e
2
r′
. (37)
We pay attention to the fact that Eqs.(36),(37) are written in the so-called 1/c2
approximation. As to gravitational field, this means that we take into account only
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terms of the order of |φ|/c2. Near the Earth, this small parameter can be estimated
as 10−9, therefore, above we disregard terms of the order of (φ/c2)2 ∼ 10−18. We also
point out that, as usual, in Eqs.(36),(37), we do not take into account the so-called
tidal effects. This is equivalent to the fact that we do not differentiate gravitational
potential, φ, with respect to electron coordinates, r and r′. Note that we also use the
approximation,mp ≫ me. Therefore, r and r′, corresponding to electron positions in
center of mass coordinate system, we relate to its positions with respect to proton. In
the next Subsubsecttion, we show that, in fact, ignoring all tidal effects means that
we consider a hydrogen atom as a point-like body. In particular, we disregard the
tidal terms in the electron Hamiltonian, which are very small and are of the order
of (rB/R0)|φ/c2|(e2/rB) ∼ 10−17|φ/c2|(e2/rB) in the Earth’s gravitational field.
We point out that, in Eqs.(36),(37), we also disregard magnetic force and all spin
related effects. Another our previously mentioned suggestion is that proton mass is
very high and, thus, proton can be considered as a classical particle, whose position
is fixed by some non-gravitational force and whose kinetic energy is negligible.
We also stress that, in this review, we consider the weak gravitational field (22)
as a perturbation in some inertial coordinate system. The inertial coordinate system
corresponds to global spacetime coordinates, (x, y, z, t) in Eq.(23), where it is easy
to obtain the following electron Hamiltonian from Eqs.(36),(37):
Hˆ(pˆ, r) = mec
2 +
pˆ2
2me
− e
2
r
+meφ+
(
3
pˆ2
2me
− 2e
2
r
)
φ
c2
. (38)
It is important that the Hamiltonian (38) can be represented in more convenient
form,
Hˆ(pˆ, r) = mec
2 +
pˆ2
2me
− e
2
r
+ mˆpeφ , (39)
where we introduce the following electron passive gravitational mass operator:
mˆpe = me +
(
pˆ2
2me
− e
2
r
)
1
c2
+
(
2
pˆ2
2me
− e
2
r
)
1
c2
, (40)
which is proportional to electron weight operator in the weak gravitational field (22).
Note that, as usual, the gravitational mass operator consists of three terms: the bare
electron mass, me, the expected electron energy contribution to the mass operator,
and the non-trivial virial contribution to passive gravitational mass operator. It
exactly coincides with electron passive gravitational mass operator (35), obtained
early by the Lagrangian method.
4.2.2. More general Hamiltonian [18,10]
The so-called gravitational Stark effect (i.e., the mixing effect between even and odd
wave functions in a hydrogen atom in gravitational field) was studied in Ref. [18] in
the weak external gravitational field (22). Note that the corresponding Hamiltonian
was derived in 1/c2 approximation and a possibility of center of mass of the atom
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motion was taken into account. The main peculiarity of the calculations in the
above-mention paper was the fact that not only terms of the order of φ/c2 were
calculated, as in our case, but also terms of the order of φ′/c2. Here, we use a
symbolic notation φ′ for the first derivatives of gravitational potential. In accordance
with the existing tradition, we refer to the latter terms as to the tidal ones. Note that
the Hamiltonian (3.24) was obtained in Ref. [18] directly from the Dirac equation
in a curved spacetime of General Relativity. As shown in [18], it can be rewritten
for the corresponding Schro¨dinger equation as a sum of the four terms:
Hˆ(Pˆ, pˆ, R˜, r) = Hˆ0(Pˆ, pˆ, r) + Hˆ1(Pˆ, pˆ, R˜, r) + Hˆ2(pˆ, r) + Hˆ3(Pˆ, pˆ, R˜, r), (41)
Hˆ0(Pˆ, pˆ, r) = mec
2 +mpc
2 +
[
Pˆ2
2(me +mp)
+
pˆ2
2µ
]
−e
2
r
, (42)
Hˆ1(Pˆ, pˆ, R˜, r) =
{
mec
2+mpc
2+
[
3
Pˆ2
2(me +mp)
+3
pˆ2
2µ
− 2e
2
r
]}(
φ− gR˜
c2
)
, (43)
Hˆ2(pˆ, r) =
1
c2
(
1
me
− 1
mp
)
[−(gr)pˆ2+i~gpˆ]+ 1
c2
g
(
sˆe
me
− sˆp
mp
)
×pˆ+ e
2(mp −me)
2(me +mp)c2
gr
r
,
(44)
Hˆ3(Pˆ, pˆ, R˜, r) =
3
2
i~gP
(me +mp)c2
+
3
2
g(se + sp)×P
(me +mp)c2
− (gr)(Pp) + (Pr)(gp) − i~gP
(me +mp)c2
,
(45)
where g = −GMR3R. Note that we use the following notations in Eqs.(41)-(45): R˜
and P stand for coordinate and momentum of a hydrogen atom center of mass, re-
spectively; whereas, r and p stand for relative electron coordinate and momentum
in center of mass coordinate system; µ = memp/(me+mp) is the so-called reduced
electron mass. We point out that Hˆ0(Pˆ, pˆ, r) is the Hamiltonian of a hydrogen atom
in the absence of the field. It is important that the Hamiltonian Hˆ1(Pˆ, pˆ, R˜, r) de-
scribes couplings not only of the bare electron and proton masses with the gravi-
tational field (22) but also couplings of electron kinetic and potential energies with
the field. And finally, the Hamiltonians Hˆ2(pˆ, r) and Hˆ3(Pˆ, pˆ, R˜, r) describe only
the tidal effects.
Let us strictly derive the Hamiltonian (39),(40), which has been semi-
quantitatively derived in Subsubsection 4.2.1, from the more general Hamiltonian
(41)-(45). As was already mentioned, we use the approximation, where mp ≫ me,
and, therefore, µ = me. In particular, this allows us to consider proton as a heavy
classical particle. We recall that we need to derive the Hamiltonian of the atom,
whose center of mass is at rest with respect to the Earth. Thus, we can omit center
of mass kinetic energy and center of mass momentum. As a result, the first two
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contributions to electron part of the total Hamiltonian (41)-(45) can be written in
the following way:
Hˆ0(pˆ, r) = mec
2 +
pˆ2
2me
− e
2
r
(46)
and
Hˆ1(pˆ, r) =
{
mec
2 +
[
3
pˆ2
2me
− 2e
2
r
]}(
φ
c2
)
, (47)
where we place center of mass of the atom at point R˜ = 0. Now, let us study the first
tidal term (44) in the total Hamiltonian (41). At first, we pay attention that |g| ≃
|φ|/R0. Then, as well known, in a hydrogen atom |r| ∼ ~/|p| ∼ rB and p2/(2me) ∼
e2/rB. These values allow us to evaluate the first tidal term (44) in the Hamiltonian
(41) as H2 ∼ (rB/R0)(|φ|/c2)(e2/rB) ∼ 10−17(|φ|/c2)(e2/rB). Note that this value
is 10−17 times smaller than H1 ∼ (|φ|/c2)(e2/rB) and 10−8 times smaller than
the second correction with respect to the small parameter |φ|/c2. Therefore, we can
disregard the contribution (44) to the total Hamiltonian (41). As to the second tidal
term (45) in the total Hamiltonian, we pay attention that it is exactly zero in the
case, where P = 0, considered in this review. Therefore, we can conclude that the
Hamiltonian (46),(47), derived in this Subsubsection, exactly coincides with that,
semi-quantitatively derived by us in Refs.[4-7] [see Eqs.(39),(40)].
4.3. Equivalence of the expectation values [4-7]
In this Subsection, we obtain an important consequence of Eqs.(39),(40). Note that
the electron passive gravitational mass operator (40) does not commute with the
electron energy operator, taken in the absence of the gravitational field. Thus, it
seems that there is no any equivalence between electron passive gravitational mass
and its energy. But this is not true and below we establish the equivalence between
electron energy and the expectation value of electron passive gravitational mass for
stationary quantum states. To show their equivalence, we consider a macroscopic
ensemble of hydrogen atoms with each of them being in n-th stationary state with
energy En,
Ψn(r, t) = Ψn(r) exp
(−imec2t
~
)
exp
(−iEnt
~
)
, (48)
where Ψn(r) is a normalized electron wave function of n-th energy level in a hydro-
gen atom. From Eq.(40), it follows that the expectation value of electron passive
gravitational mass operator in this case is
< mˆpe >= me +
En
c2
+
〈
2
pˆ2
2me
− e
2
r
〉
1
c2
= me +
En
c2
. (49)
Here, as it was for active gravitational mass operator (14), the expectation value of
the virial term in Eq.(49) is zero due to the quantum virial theorem [17]. Therefore,
we conclude that the equivalence between passive gravitational mass and energy
exists at a macroscopic level for stationary quantum states [4-7,10].
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4.4. Inequivalence between passive gravitational mass and energy
at a macroscopic level [4-7,10]
In the previous Subsection, we demonstrated that energy was equivalent to the ex-
pectation value of passive gravitational mass for stationary quantum states. Below,
we make the following statement. We stress that, for superposition of stationary
quantum states, the expectation value of passive gravitational mass can be oscil-
latory function of time even in the case, where the expectation value of energy is
constant. Here, as in the case of active gravitational mass, we consider the simplest
superposition of 1S and 2S energy levels (17),
Ψ1,2(r, t) =
1√
2
[
Ψ1(r) exp(−iE1t) + Ψ2(r) exp(−iE2t)
]
, (50)
which is characterized by the time-independent expectation value of energy,
< E >=
E1 + E2
2
. (51)
By using Eq.(40), it is easy to show that, for the wave function (50), the expectation
value of electron passive gravitational mass is the following oscillatory function:
< mˆpe >= me +
E1 + E2
2c2
+
V1,2
c2
cos
[
(E1 − E2)t
~
]
, (52)
where matrix element of the virial operator, V1,2 is defined by Eq.(20). In our
opinion, the time-dependent oscillations of the passive gravitation mass (52) directly
demonstrate breakdown of the equivalence between passive gravitational mass and
energy at a macroscopic level. It is important that these oscillations are of the order
of α2me (i.e. they are strong enough) and are of a pure quantum origin without
classical analogs, where α is the fine structure constant. We also pay attention that
the similar oscillations exist for active gravitational mass of quantum superposition
of stationary states [see Eq. (19)]. We hope that these strong oscillations of passive
and active gravitational masses are experimentally measured, despite the fact that
the quantum states (17),(50) decay with time.
If we average the oscillations (52) over time, we obtain the modified equivalence
principle between the averaged over time expectation value of passive gravitational
mass and the expectation value of energy in the following form:
<< mˆpe >>t= me +
E1 + E2
2c2
=
< E >
c2
. (53)
We stress that physical meaning of averaging procedure in Eq.(53) is completely
different from that of classical time averaging procedure (27) and does not have the
corresponding classical analogs.
4.5. Inequivalence between passive gravitational mass and energy
at a microscopic level [4-7]
Here, we describe Gedanken experiment, which directly demonstrates breakdown
of the equivalence between passive gravitational mass and energy at a microscopic
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level. At first, we consider electron in its ground state in a hydrogen atom with the
following wave function, corresponding to the absence of the gravitational field (22),
Ψ1(r, t) = Ψ1(r) exp
(−imec2t
~
)
exp
(−iE1t
~
)
, (54)
where
Hˆ0(pˆ, r)Ψ1(r) = E1Ψ1(r), Hˆ0(pˆ, r) = mec
2 +
pˆ2
2me
− e
2
r
. (55)
Now, we account for the gravitational field (22), as a perturbation to the Hamilto-
nian (55),
Hˆ(pˆ, r) = Hˆ0(pˆ, r) + mˆ
p
eφ , (56)
where electron passive gravitational mass operator is defined by Eq.(40). Ground
state wave function of the Hamiltonian (56), Ψ˜1(r), in accordance with the standard
quantum mechanical perturbation theory, can be written as
Ψ˜1(r) =
∑
n
anΨn(r), (57)
where
Hˆ(pˆ, r)Ψ˜1(r) = E˜1Ψ˜1(r). (58)
We pay attention that, due to selection rules of the passive gravitational mass
operator (40), Ψn(r) are normalized electron wave functions in the absence of the
gravitation (22), corresponding only to atomic levels nS with energy En. Let us
define coefficient a1 and correction to energy of the ground state. In accordance
with the perturbation theory, they can be written as:
a1 ≃ 1, E˜1 =
(
1 +
φ
c2
)
E1. (59)
Here, the last term in Eq.(59) represents the famous red shift in the gravitational
field (22). Note that it is the expected contribution to passive gravitational mass
due to electron binding energy in the atom. We pay attention that to derive Eq.(59),
we have used the quantum virial theorem [17] in the following form:∫
Ψ1(r)
(
2
pˆ2
2me
− e
2
r
)
Ψ1(r)d
3r = 0. (60)
On the other hand, the coefficients an with n 6= 1 in Eq.(58) can be expressed
through the matrix elements of the virial operator,
an =
(
φ
c2
)(
Vn,1
E1 − E2
)
, Vn,1 =
∫
Ψn(r)
(
2
pˆ2
2me
− e
2
r
)
Ψ1(r)d
3r. (61)
It is important that the obtained electron wave function (57)-(61), which corre-
sponds to ground state in the presence of the gravitational field (22), is written as a
series of eigenfunctions of electron energy operator in the absence of the field. Thus,
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if we would like to measure energy by means of operator (55), we will obtain the
following quantized values:
E(n) = mec
2 + En. (62)
Therefore, we conclude that the Einstein’s equation, E = mec
2 + E1, is broken in
our case with small but finite probabilities [4-7],
Pn = |an|2 =
(
φ
c2
)2 V 2n,1
(En − E1)2 , n 6= 1. (63)
Note that the reason for this breakdown of the equivalence between passive gravi-
tational mass and energy is that electron wave function with definite passive gravi-
tational mass (57)-(61) is not characterized by definite energy in the absence of the
gravitational field (22).
5. Summary
In conclusion, in the review, we have discussed in detail breakdown of the equiva-
lence between active and passive gravitational masses of an electron and its energy
in a hydrogen atom. We stress that the considered phenomena are very general
and are not restricted by atomic physics and the Earth’s gravitational field. In
other words, the above discussed phenomena exist for any quantum system and any
gravitational field. In this review, we also have improved several drawbacks of the
original pioneering works.
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